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Abstract 

The Born- Jordan method for constructing the quantum condition of the Matrix Mechanics is 
pointed out to be inappropriate in the present work. We modify this method and reconstruct the 
quantum condition by setting up a new expression for the Bohr quantum condition with the help of 
the (n,n) elements of the matrix ^ p{t)dx{t) . 



It is well known that the quantum condition expressed as the commutation relation of coordinate 
and momentum was first constructed in the Matrix Mechanics by M.Born and P.Jordan in paper [1]. 
On the other hand the Born- Jordan method is inappropriate and needs certain modifications. Owing 
to the fact that the Born- Jordan method is a generlization of Heisenberg's method for constructing the 
Heisenberg Quantum Condition we seek to reveal some features of the drawback of the former method 
here by analyzing the latter. Consider the special case that was studied by W. Heisenberg in paper [2]. 
Denote by x{t) and mi the coordinate and momentum of periodic motion of one-dimensional system. 
The Bohr "classical" quantum condition employed by Heisenberg can be written as 



I. Introduction 




a— — oo 



(1) 



with 



oo 




(2) 



where the integer n stands for the stationary states. According to Heisenberg's rule (n) and aoj{n) /{2n) 
should be replaced by the transition amplitude X„_„_„ between states (n, n — a) and the transition fre- 
quency u){n,n — a)/(27r). Moreover Xn,n+a is regarded as X^^_^ in paper [2] so that x{n,t) is a real 
function. The formula (1) thus becomes 

oo 

JH=2wm ^2 Ot^il^^n- a)Xn,n+aXn,n-a, 
a= — oo 

oo 

= 27rm ^ auj{n,n- a)X^_^ ,^Xn,n-a' (3) 

a=— oo 

Next Heisenberg replaced equation 1 = with the difference equation 



oo J 

h = 2irm ^ a — (u{n, n - a)X* ^n.n-a) , 



and obtained his Quantum Condition 

oo 

n = m ^ {X*_^_^.^Xn+a,n^^{n + a,n) 

a= — OO 

-^n-a,n^n-a,n n - «)} , (4) 

which can be written as 

in={x^p-px^)^^, (5) 

where the (n, n — a) elements of the matrices X and P are Xn^n-a and P„^„_a respectively and 

Pn,n-a = imu{n,n- a) Xn,n-a ■ 

However M.Born regarded X^ in the formula (5) to be X. Actually it is not allowed to do so because the 
condition Xn^n+a = X* together with the hermitian property of X leads to 

-^n,n+a ~ -^n—a,n ) -^n+ot^n ~ -^71,71— a • (6) 

Such equations are incorrect and yield wrong results such as Xn,n-i = -'^i.o and = Xo,i. It might 

be worthwhile to see what happens when the formula (4) together with X = X^ is applied to the linear 
harmonic oscillator problem with the Hamiltonian 

H=—P^ + -mu^X\ 
2m 2 

Thus 

■^raV''/ — -^n,n—l ^ T -^n,n+l ) 

uj{n,n±l) = ^oj , u){n±l,n) = ±oj . 



One therefore has from (4) that 

h = 2mLu(^X^_^_■^^^Xn+l,n — ^n-\,n^n-\,n^ ■ 

If the matrix X is hermitian then X„_„±i is independent of n and the right hand side of this formula is 
equal to zero. 

What can be learned is that the formula (1) and (3) for the Bohr quantum condition is incompatible 
with the hermitian property of the matrices X and P and should not be employed to construct the 
quantum condition of the Matrix Mechanics. 



II. The Drawback of the Born-Jordan Method 



For carefully examining the drawback of the Born-Jordan method we now analyze the steps of 
constructing the quantum condition in paper [1]. Let x(i) and be the canonical coordinate and 
momentum of periodic motion of one-dimensional system. In the first step, M.Born and P.Jordan followed 
Heisenberg's paper [2] to express Bohr's "classical" quantum condition. Their formula can be written as : 

•p{n,t)Ax(n,t) = / p(n,t)i;(n, t)dt = nft-h Jo 

oo 

= 27rrn ^ aP-^{n)X^{n) , (7) 

with 

oo 

x{n,t)= ^aWe'-(")«*, (8) 

a= — CSC 

oo 

V{n,t)= P„(n)e^-(")«*, (9) 

a= — oo 

Now the underline assumption here is that the coordinate and momentum and their real functions are 
represented by hermitian matrices, the (n, n') elements of x(t) and p(f) are as follows 

r ,{f\=X ,e' n ,{f\ = P ,pi'^("."')* 
After replacing Xa{n) and Pa{n) by Xn^n-a and Xn^n-a the formula (7) becomes 

CXD OO 

Jsj = 27ri Yj Q;-Pn,n+a^n,n-c< = -27ri ^ a Pn,n-aXn,n+a ■ (10) 
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Step (2) , The equation 1 = f^j- was replaced with the difference equation 

oo J 

h = 2-K\ ^ Oi—{Pn,n+oiXn,n-o^ ■, (H) 
a= — oo 

which was interpreted as 

oo 



or 



in=(XP-PX) . (13) 

For the case =mx{t), substituting Pn-a,n = imw(n — a, n)Xn-a,n and -Pn.n+a = -Pn+a n equation 
(12) leads to 

OO 

h = m ^ {X^,„+a^n+a,n ^{n + a, n) 

a= — oo 

-Xn,n-aXn-a,ni^{n,n- a)} , (14) 

which was regarded as Heisenberg's quantum condition or Thomas-Kuhn equation I"^'"*!. 

Step (3) , With the help of the equation of motion M.Born and P.Jordan came to the conclusion that 
the matrix x{t)p{t) — p{t)x{t) is independent of time and is diagonal. 

The first two steps sought to carry through and extend Heisenberg's method of paper [2] under 
the condition that matrices X and P are hermitian. The matter is not so simple However. Obviously, 
further assumptions should be introduced for getting the formula (12) from (11). It seems that the 

assumption Xi-i^^i+a ~ -^n— a,n or Pn,n+a ~ Pn—a,n 

is useful for going from equation (11) to (12) but 
they are unreasonable themselves. As stated in Sec.I Xn^n+a = ^n-a.n-, which together with X = X^ 
means x{n,t) = x*{n,t), leads to wrong results and therefore makes the formula (12) invalid. Similarly. 

Pn.n+a = Pn-a,n, which together with P = P^ means P{n,t) = P*{n,t), also yield Pn.n+i = Po,i and 
other wrong results and makes the formula (12) invalid. In particular, if both assumptions Xn_n+a 
\ and Pn,n+a = Pn-a,n arc cmploycd then the right hand side of the formula (12) equates to zero. 

Actually, it can be verified that the Born- Jordan method is not available for constructing the quantum 
condition of the Matrix Mechanics. For the special case p(t) p{t) =mx{t), the formula (10) becomes 

oo 

Jb J = 2^171 ^ au){n,n-a)Xn,n+aXn,n-a, (15) 
a=— oo 

which should not be regarded as Heisenberg's formula (3) because X is hermitian. Let us now suppose 
the formula (14) can be obtained reasonably from (15) and consider again the linear harmonic oscillator 
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problem one has 

h = 2mw ^Xn+l^nXn,n+l — Xn,n-lXn-l,n^ ■ (16) 

From this formula and other principles of the Matrix Mechanics the coordinate momentum commutation 
relation can be established (see the end of Sect. 3) and the elements of the Matrix X can also be found. 
On the other hand the simplified form of the formula (15) is 

J_BJ = 2-77 m aU!{n,n- a)Xn,n-aXn,n+a- 

a=±l 

Consequently the Quantum Condition can also be written as 



h — mU) a^Xn-\-oc,nXn+a,n+2a — Xn^n-aXn,n+o}^ 

a=±l 

= mu) |x„_|_i^„X„_|_i^„_|_2 — Xn-i^nXn-l,n-2^ ■ 



It can easily be chocked that this formula is invalid. 

To sum up, with the Born-Jordan method it is not possible to construct the quantum condition 
reasonably even for linear harmonic oscillator problem. 

III. Modification of the Born-Jordan Method and 
the Reconstruction of the Quantum Condition 



In order to modify the Born-Jordan Method and reconstruct the quantum condition, it is natural to 
express the Bohr quantum condition with reference to the (n, n) element of the matrix f p{t)dx{t). Since 

(p{t)dx{t)j (n, n) = - ^ Pn,n-a Xn-a.n^i^in, u - a)dt , (17) 
a 

(^p{t)dx{t)^ {n,n) = '^Pn-a,nXn,n-aii^{n,n- a)dt, (18) 

a 

p27T/oj{n) 

/ p{n,t)x*{n,t)dt = -27ri VaP„(n)X*(n), 

= -27ri^aP„,„_«X;„_„, (19) 

a 

and u){n, n—a) corresponds to the classical quantities aw (n), one sees that f (^p{t)dx{t)) (n, n) corresponds 
to § p{n, t) dx*{n, t). It is thus reasonable to write the Bohr quantum condition as : 

J= ^^j>p*{n,t)dx{n,t)+j>p{n,t)dx*{n,t)^ =nh + Jo, (20) 



It is obvious from (17) that ^ f p{n,t)dx*{nt) is real, namely 

^ ^ p{n, t) Ax* (n, t) = j) p* {n,t) dx(n, t) 

— 27r i ^ ^ Pn-\-a,n-^n,n+a "I" 27r 1 ^ ^ Pn^n—a-^n—a,n • (^l) 

Therefore 1 = |j is equivalent to /i = ^ § p{n,t) dx*{n,t) and the Quantum Condition is obtained from 
the difference equation 



h = — (f p{n, t) Ax* in, t) , 
on J 



(22) 



or 



= (XP-PX)^„. (23) 
For the case p(t) =mx{t), the above new expression for the Bohr quantum condition becomes 

J = nh + Jo = j) p*{n,t)dx{n,t) — j) p{n,t)dx* {n,t) 

oo 

= 2m7r ^ aaj(n,n - a)X„,„_cX„_Q,,„ . (24) 

a= — oo 

It follows from the formula (22) or (23) that 

CO 

h = 7n ^ {^n,n+Q^n+Q,n ^(^T- + ^) 
a= — oo 

-^n,n-c<^n-a,n'^(",«-a)}. (25) 

It should be remembered that owing to Xn±a,n = X* ^ Xn,nToi this formula is not equivalent to 
Heisenberg's quantum condition. 

Finally it is an easy task to establish the commutation relation i^X P — P X^ = ih from it's diagonal 
part by improving Born- Jordan's argument (see also the footnote (58) of reference [5]). In their paper [1] 
M.Born and P. Jordan judged the conservation matrix x{t)p{t) — p{t)x{t) to be diagonal by employing an 
assumption that uj{n, n') ^ for n 7^ n'. However B.L.Van Der Waerden pointed out in reference [6] that 
since Born-Jordan's argument relied on this assumption they did not give an exact mathematical proof 
of the formula for (X P — P X) . Actually, the whole independent stationary states {n} can be defined 
to form a representation so that both of the conservation quantity [xp — px) / (ih) and the Hamiltonian 
are diagonal. Consequently one sees from the formula (23) that (^X P — PX)/ {iU) is an unit matrix. 
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IV. Concluding Remarks 



Historically (see Waerden's paper of reference [6]), M.Born rewrote Heisenberg's Quantum Condition 
as i?i = {X P — P X)nn and guessed the matrix {X P — P X) to be diagonal. One of the main tasks of 
Born-Jordan's paper [1] is to verify M. Horn's guess. Correspondingly, in the present work we first verify 
that Heisenberg's Quantum Condition can not be rewritten in Horn's way and therefore the formula (3) 
should not be applied to the Matrix Mechanics. We then show that Horn- Jordan method, which is based 
on the formulas (7), can not be employed to construct the quantum condition of the Matrix Mechanics. 
It is also clear from our argument that even if Heisenberg's assumption Xn^n-a = is excluded, 

his formula (3) could not be applied to the Matrix Mechanics. 

Furthermore a new formula is setting up to express the Hohr quantum condition with the help of 
the (n,n) elements of the matrix § p{t)dx{t). This new formula is employed to modify the Horn-Jordan 
method and reconstruct the quantum condition. 

The author is grateful to Professor Zhao Kai Hua and Professor Cheng Tan Sheng for helpful dis- 
cussions. 
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